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Abstract 
We prove that it is necessary and sufficient for a (v, 4, 3, 1)-BHD (balanced generalized 
handcuffed design) to exist that either v = 6n + 2 (n integer >~ 1) or v = 6n + 4 (n integer >~ 0). 
Definition 1. Let us consider a v-set V and fl = {B~, B 2 . . . .  , Bb} a set of blocks which 
are ordered k-subsets of V. Let us consider Bi = (ai, 1, ai. 2 . . . . .  a~. k) and t ~< k. From B~ 
we are able to create a set B* of (k - t + 1) t-subset of V. 
B* = {(al, j, a l . j+ , , . . . ,a i ,  j+t -1}  Vj  = 1 . . . . .  k -  t+  1}. 
If every element of V occurs in exactly r blocks and if every t-subset of V occurs in 
exactly 2 set such as B*, we may say that fl is a generalized handcuffed esign and we 
name it a (v, k, t, 2)-HD, t will be called the strength of the (v, k, t, 2)-HD. 
Definition 2. Let us consider a (v, k, t, 2)-HD fl built on V. If fl is also a (v, k, 0, 20)-HD, 
V0 ~< t, we may say that fl is a balanced generalized handcuffed esign and we name it 
a (v, k, t, 2)-BHD. t will be called the strength of the (v, k, t, 2)-BHD. 
Then, it is easy to show that 
v~ 
b=2 (I) 
t ! (v - t ) ! (k - t+ l ) '  
(v -  O)!O!(k- 0 + 1) 
2o = ,,l VO ~ t - 1 (2) 
(v - t ) ! t ! (k  - t + 1) 
()~t = 2 and 21 = r). 
Therefore, it is necessary for a (v, k, t, 2)-BHD to exist that (1) and (2) be integers. 
0012-365X/95/$09.50 © 1995--Elsevier Science B.V. All rights reserved 
SSDI 0012-365X(94)00047-M 
330 F. Maurin/Discrete Mathematics 145 (1995) 329-331 
Remark 1. If a (v, 4, 3, 1)-BHD exists, then either v = 6n + 2 (n integer /> 1) or 
v = 6n + 4 (n integer ~> 0). 
Since 2z = (v - 2)/2 and then v = 222 + 2, 
(v - 1)(v - 2) (222 + 1)222 
/L 1 - -  3 3 
and then, either 222 = 3m with even m = 2n, or 222 + 1 = 3m with odd m = 2n + 1, so 
that either v = 6n + 2 or v = 6n + 4. 
Remark 2. A (4, 4, 3, 1)-BHD exists. 
The set of the following 2 blocks {(0, 1, 2, 3), (1, 3, 0, 2)} is a (4, 4, 3, 1)-BHD 
constructed on {0, 1, 2, 3}. 
Remark 3. If there exists a (6n + 4, 4, 3, 1)-BHD, then there also exists a (6n + 8, 4, 
3, 1)-BHD. 
Let To be a (6n + 4, 4, 3, 1)-BHD constructed on {0, 1, 2 . . . . .  6n + 3}. 
Let T1 be the set of the following 8(3n + 2) blocks: 
{(j, j  + 1,6n + 4, 6n + 5), ( j  + 1,6n + 5,j, 6n + 4), ( j , j  + 1,6n + 6, 6n + 7), 
(j + 1, 6n + 7,j, 6n + 6), (j, 6n + 4, 6n + 6,j + 1), (j + 1,6n + 5, 6n + 6,j), 
(j, 6n+5,6n+7, j+  1) , ( j+  1 ,6n+4,6n+7, j ) ,V j=0,2 ,4  .... ,6n+2}.  
Let T2 be the set of the following 8n(3n + 2) blocks:' 
{(j, 6n + 4, i,j + 1), ( j , i  + 1,6n + 4,j + 1), (j, 6n + 5, i + 1,j + 1), 
(j, i, 6n + 5,j + 1), (j, 6n + 6, i,j + 1) , ( j , i+  1 ,6n+6, j+  1), 
(j, 6n + 7, i + l , j  + 1), (j, i, 6n + 7,j + 1), Vj = 0, 2,4 . . . . .  6n + 2; 
i = j  + 2, j  + 4 , . . . , j  + 2n mod (6n + 4)}. 
Let T3 be the set of the following 4(n + 1)(3n + 2) blocks: 
{(6n + 4, j, i, 6n + 5), (6n + 6, j, i, 6n + 7), (6n + 4, i + 1, j, 6n + 5), 
(6n + 6, i + 1,j, 6n + 7), (6n + 4, i,j + 1, 6n + 5), (6n + 6, i,j + 1,6n + 7), 
(6n+4, j+ l , i+  1 ,6n+5) , (6n+6, j+ l , i+  1 ,6n+7) ,V j=0,2 ,4 , . . . ,4n ;  
i - - j  + 2n + 2, j + 2n + 4 . . . . .  inf(j  + 4n + 2, 6n)}. 
Let 7"4 be the set of following 2 blocks: 
{(6n + 6, 6n + 7, 6n + 4, 6n + 5), (6n + 7, 6n + 5, 6n + 6, 6n + 4)}. 
It is easy to verify that T= U~=0Tk, the set of (3n + 2)(2n + 1)(3n + 1)+ 
8(3n+2)+8n(3n+2)+4(n+l ) (3n+2)+2=(3n+4) (6n+7) (n+l )  blocks is 
a (6n + 8, 4, 3, 1)-BHD constructed on {0, 1, 2 . . . . .  6n + 7}. 
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Remark 4. If there exists a (6n + 2,4, 3, I)-BHD, then there also exists a 
(6n + 4, 4, 3, 1)-BHD. 
Let To be a (6n + 2, 4, 3, 1)-BHD constructed on {0, 1, 2 . . . . .  6n + 1}. 
Let TI be the set of the following 2(3n + 1) blocks: 
{( j , j  + 1,6n + 2,6n + 3), (j  + 1, 6n + 3,j, 6n + 2), Vj = 0, 2, 4, . . . ,  6n}. 
Let T2 be the set of following 4n(3n + 1) blocks: 
{(j, 6n+2,  i , j+  1),(j, 6n+3,  i+  1 , j+  1) , ( j , i+  1 ,6n+2,  j+  1), 
( j , i ,  6n + 3,j  + 1), V j=O,  2, . . . ,6n;  
i = j  + 2, j  + 4 . . . . .  j + 2nmod (6n + 2)} 
Let T3 be the set of the 2n(3n + 1) blocks: 
{(6n + 2, j, i, 6n + 3), (6n + 2, i + 1, j, 6n + 3), (6n + 2, i, j + 1, 6n + 3), 
(6n+2, j+  1, i+  1 ,6n+3) ,V j=0,2  . . . . .  4n -2 ;  
i = j  + 2n + 2, j + 2n + 4, ..., inf ( j  + 4n, 6n)}. 
It is easy to verify that T = U~=oTk, the set of (3n + 1)(6n + 1)n + 2(3n + 1) + 
4n(3n + 1) + 2n(3n + 1) = (3n + 1)(3n + 2)(2n + 1) blocks is a (6n + 4, 4, 3, 1)-BHD 
constructed on {0, 1, 2 . . . . .  6n + 3}. 
Theorem. It is necessary and sufficient for a (v, 4, 3, 1)-BHD to exist that either 
v = 6n + 2 (n inteoer >~ l) or v = 6n + 4 (n integer >10). 
Remark 1 shows that condition is necessary. Remarks 2-4 prove, recurrently and 
starting from v -- 4, that there always exists (v, 4, 3, I)-BHDs, when v = 6n + 2 (n ~> 1) 
and v = 6n + 4 (n >~ 0). 
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